The ultimate goal in the generation of optical signals is optical arbitrary waveform generation, which would allow the generation of wide-bandwidth optical signals with arbitrary amplitude and phase profiles (e.g., custom-shaped short optical pulses or advanced telecommunications signals). Here we investigate a new route toward this goal based upon the coherent combination of multiple signals generated at different wavelengths from different lasers. We show how to address the various challenges associated with this approach and demonstrate the generation of 100 GHz repetition rate waveforms by combining five semiconductor lasers phase locked, via injection locking, to a common optical frequency comb. Independent control of the optical power and phase of each laser enabled the generation of customized waveforms. Our technique be should readily scalable to a larger number of lasers, promising a flexible source of ultrastable, high-repetition rate, large-bandwidth (>1 THz), shot-noise-limited, high-power optical waveforms.
INTRODUCTION
Optical arbitrary waveform generation is an actively pursued area of research as it could be used to generate customized signals with very high bandwidths. For example, it would be possible to generate waveforms with more than 1 THz bandwidth as opposed to the tens of gigahertz currently possible using electronics-based waveform generators. The ultimate goal is to achieve full dynamic optical arbitrary waveform generation that would be able to generate any continuous waveform of interest, e.g., for high-capacity data transmission in telecommunications [1, 2] .
In practice, it is more straightforward to realize so-called static arbitrary waveform generation, where repetitive pulse trains are generated. Although the speed at which the repetitive waveforms can be modified is limited, it still has numerous applications across a wide range of fields. Some selected examples include nonlinear signal processing [3, 4] , coherent control of molecular processes [5, 6] , spectroscopy [7] , and optical communications [8] . Further examples can be found in the following review articles [9] [10] [11] .
Static arbitrary waveform generation is commonly achieved by reshaping short pulses using optical filters to alter the spectral amplitude and phase profiles of an initial pulse to generate output pulses with the desired temporal profile and repetition rate. This commonly requires the initial pulse train to be spectrally dispersed to allow the different frequency components to be manipulated separately. It is common to spatially disperse the pulse, e.g., using gratings, and to alter the amplitude and phase of the different frequency components using a spatial light modulator, e.g., a liquid crystal on silicon (LCoS) modulator [12] . The filtered spectral components are then recombined to form the desired waveform. The update rate of the existing spatial light modulators is generally sufficient for static arbitrary waveform generation. However, when fast dynamic waveform generation is required, each spectral component needs to be modulated with an in-phase/quadrature-phase (I/Q) type modulator as described in detail in [1] .
Spatial filtering of different frequency components allows for a wide range of different waveforms to be generated. The high popularity of this technique allowed it to be quickly developed into a commercially available product. This technique, although very useful, suffers from several drawbacks. Despite high-resolution LCoS modulators now being available, each pixel has a limited damage threshold that limits the power that can be launched into the pulse shaper. Moreover, as this device is based on attenuating the unwanted part of the signal, it may suffer from low energetic efficiency, further reducing the optical power available at its output. Reamplification of the output degrades the signal-to-noise ratio (SNR), which may be detrimental for the targeted application, especially when high levels of amplification are needed, such as for nonlinear signal processing. Spectral filtering may also impose stringent requirements on the optical pulse source in terms of its stability. Furthermore, the repetition rate of the shaped pulses must be a multiple of the original repetition rate, and it must have large enough optical bandwidth. To summarize, the main limitations of this technique are (i) low energetic efficiency, (ii) limited SNR, and (iii) the dependence on the availability of a suitable optical pulse source.
Our work uses an alternative approach to generating arbitrarily shaped pulses and is based on direct synthesis of the desired signals rather than reshaping pregenerated pulses. Optical Fourier synthesis is the process of combining multiple continuous-wave lasers operating at different wavelengths to form pulse trains. The amplitude and phase profile of the pulse train can be customized by independently controlling the amplitude and phase of each laser as they are combined.
The advantage of directly synthesizing the pulse train is that the repetition rate can be readily changed by tuning the operating frequencies of the individual lasers. High energy efficiency can be achieved by using Fourier synthesis, as only the required frequency components are generated. A spectral disperser is also not required to separate the individual frequency components, although a multiplexer with sufficient resolution is still required to combine the lasers with minimal loss. In contrast to spectral filtering, which is an inherently lossy process, Fourier synthesis can directly generate high average power pulses by using high-power lasers. For example, by using 100 mW per laser, as available with commercial semiconductor DFB lasers, it should be possible to directly generate Watt level signals using 10 or so lasers without the requirement for any amplification. First, this allows the generation of highpower pulses, even at spectral regions where no high-power amplifiers exist. Second, the individual laser outputs are added coherently, while their noise is added incoherently, which improves the SNR of the output signal as compared with that of the individual lasers.
Optical Fourier synthesis would be practical only when many lasers can be integrated on the same chip. This is simply due to the practical challenges of utilizing many individual lasers (potentially tens or hundreds), which would result in a complicated, bulky, and expensive instrument. Fortunately, this is becoming possible today due to the advances made in the field of optical integration [13] . However, a simple integration and combination of lasers on a single chip would not be enough as coherent pulses can only be synthesized if the relative frequencies of the lasers are precise multiples of the desired pulse repetition rate and their phase relations are well controlled. In this article, we suggest and demonstrate how to address these challenges, paving the route to this new class of high-performance devices.
Low-repetition-rate (120 MHz) Fourier synthesis has already been demonstrated in the 1970 s [14] by phase locking up to five CO 2 lasers using heterodyne optical phase lock loops. High-repetition-rate Fourier synthesis up to 1.8 THz was later (1999) (2000) (2001) demonstrated by Hyodo and co-workers [15] [16] [17] using three lasers. One of the lasers was phase locked to a frequency component generated by the other two lasers using nonlinear mixing such that the relative frequency between the three lasers was always equal. This technique, however, may be challenging to scale up to many lasers.
In this article, we address the challenges of optical Fourier synthesis using simple low-cost semiconductor lasers that could be integrated in a straightforward manner. In our prototype system, we generated stable 100 GHz pulses using five semiconductor lasers. Coherence between the lasers was achieved by phase locking them to an optical frequency comb. We generated pulses of various shapes by controlling the relative powers and phases of the individual laser outputs. The level of control we had of the phase properties was demonstrated by generating pulses that were precompensated for chromatic dispersion incurred during propagation through 2 km of optical fiber.
PHASE LOCKING TO AN OPTICAL FREQUENCY COMB
The optical frequency comb generator used in our demonstration of Fourier synthesis was an erbium-doped fiber modelocked laser with a comb spacing of 250 MHz. This generated a wide spectrum of equally spaced comb modes that could be used as a frequency reference for Fourier synthesis. However, we expect that this could be replaced with a much simpler optical comb, such as those generated by modulating a continuous-wave laser [18] . It is worth mentioning that our technique does not put any strict constraints on the flatness of the comb spectrum. Semiconductor lasers (slave lasers) were phase locked to individual comb modes. Since the comb modes had an equal frequency spacing, the slave lasers were chosen to be locked to different comb modes such that the lasers themselves have an equal frequency spacing. For example, slave lasers locked 400 comb modes away from one another would have a frequency spacing of 100 GHz. The lasers became coherent with one another after they were phase locked to the common frequency comb, and hence they could be combined together coherently.
We phase locked our slave lasers using optical injection locking [19, 20] , where many comb modes were injected into the slave laser optical cavity simultaneously without prior isolation of individual comb modes, e.g., by using narrow-band filtering. Each comb mode injected into the slave laser could be considered as a separate continuous-wave master laser that the slave laser can lock to. Injection locking occurred when the frequency detuning between the slave laser and the comb mode was within the locking range. The size of the locking range was dependent on the injection ratio, defined as the power per Research Article injected comb mode relative to the output power of the slave laser.
Low injection ratios (less than −50 dB) were used to limit the size of the locking range and prevent the slave laser from simultaneously locking to multiple comb modes, also strongly relaxing requirements on the comb source power. However, this made the slave laser susceptible to becoming unlocked due to frequency drifts, which caused the detuning to exceed the narrow locking range. This was overcome by using a simple electronic feedback loop to keep the detuning at a fixed value [21] [22] [23] [24] . The bandwidth requirements of this feedback loop were modest due to the slow nature of the frequency drifts. In our previous work [24] , a similar feedback loop was implemented (less than 30 Hz bandwidth), which allowed for longterm locking for over 8 h. The slave laser was found to have very low levels of frequency variation (Allan deviation: 9.7 × 10 −17 at 1 s averaging time) and low phase noise (phase noise: 0.02 rad 2 integrated from 100 Hz to 500 MHz) relative to the comb mode it was locked to. The phase noise was minimized by using an optimal injection ratio and by suppressing the detuning-dependent amplification of residual comb modes injected into the slave laser [25] .
The technique described above is scalable with comb spacing and could allow for wider spaced combs to be used (e.g., 10 GHz). This could result in improved energy efficiency, since fewer comb modes need to generated. Furthermore, the performance of the injection locking is expected to improve since it would allow for the use of larger injection ratios due to the reduced effects of the adjacent residual comb modes [25] . The widest possible comb spacing that can be used is ultimately limited by the bandwidth of the RF components required for the feedback loop to maintain a constant detuning between the slave laser and the comb mode it is locked to.
FOURIER SYNTHESIS SETUP A. Slave Laser Ensemble
Five slave lasers were used for the demonstration of Fourier synthesis in this article. While this number is modest, our approach allows for a straightforward extension to a significantly larger number of lasers. The lasers used were all discrete mode semiconductor lasers [26] (Fabry-Perot-like lasers operating at a single wavelength) packaged into butterfly modules with no in-built isolator to allow for optical injection via the front facet. The output powers ranged from 2 to 12 dBm with a specified linewidth of less than 200 kHz. Each of the slave lasers utilized the feedback system from [24] to keep the detuning at a fixed value, which minimized the amplification of residual comb modes.
A schematic of how the slave lasers were set up is shown in Fig. 1 . The optical frequency comb was demultiplexed into multiple channels separated by 100 GHz using an arrayed waveguide grating (AWG). Each of these channels had a 3 dB bandwidth of 50 GHz, containing approximately 200 comb modes. Different AWG channels were used for optical injection into different slave lasers. Each channel was connected to an optical variable attenuator (VOA) and polarization controller (PC) prior to the slave laser to control the injection ratio and to align the polarization of the slave signal to that of the laser output. The injection ratio for each laser was approximately −63 dB, which corresponded to the optimum value found in [24] . Optical injection was achieved by using a three-port circulator; however, a 2 × 2 coupler could be used instead for an integrated setup. Alternatively, the optical frequency comb could be injected via the rear facet [27] . Further, photonic integration would allow all the components to operate along one polarization axis (e.g., TE polarization), and thus the PCs used in our current fiber embodiment (in front of and behind each of the slave lasers) would not be needed.
10% of the output power of the slave laser was tapped off for the electronic feedback loop [24] to maintain the injection locking. The remaining 90% was connected to another VOA and PC, as well as a fiber stretcher based phase shifter (PS). This allowed control of the amplitude, polarization, and phase of the individual slave lasers as they are combined together using another AWG. The setup in Fig. 1 will be referred to as the slave laser ensemble for the remainder of this article. Polarization maintaining (PM) components and optical fiber could be used in this setup, which would eliminate the need for all the PCs.
The approximate operating wavelengths and the relative frequencies of the five locked slave lasers are given in Table 1 . This combination of lasers will generate waveforms with a repetition rate of 100 GHz. The waveforms targeted in this article were based on a spectrum with a sinc-like profile as shown in Fig. 2 . The components at 200 GHz had amplitudes of zero, and hence lasers at those components were not required. This demonstrates one of the advantages of Fourier synthesis, in which only nonzero spectral components need to be generated, allowing for large bandwidths with a limited number of required lasers.
B. Phase Stabilization and Control
The generation of stable waveforms via Fourier synthesis required accurate and stable control of the relative phases between the slave lasers. Although each slave laser exhibited a high degree of phase stability from the phase locking process, they were susceptible to phase fluctuations relative to one Fig. 1 . Schematic of the slave laser ensemble, which contains and combines the injection locked lasers. AWG, arrayed waveguide grating; VOA, variable optical attenuator; PC, polarization controller; PS, fiber phase shifter. The optical spectrum is illustrated at the top of the figure for one of the AWG channels.
Research Article another as they were multiplexed together by the AWG. This was due to thermally induced variations in the optical fiber (length of over 5 m in our setup) that connected each of the lasers to the AWG. This caused changes in the optical path length of each laser and hence changed their relative phases as they were combined. With the help of passive stabilization (fibers taped down, setup enclosed in a box), the relative phase between two of the slave lasers was found to drift by 2π over a period of approximately 30 min.
Active stabilization of these relative phases was implemented using the PSs in the slave laser ensemble as shown in Fig. 3 . To generate error signals for controlling these PSs, various elegant solutions exist, e.g., digital phase lock loop techniques [28, 29] . Such methods introduce dithers of different frequencies via the PSs, allowing for the extraction of multiple error signals using a single photodetector (PD). However, in our proof-of-principle experiment, this was achieved in a more cumbersome (but easier to implement) way by tapping off a portion of the output of the slave laser ensemble, which was first amplified using an erbium-doped fiber amplifier (EDFA), and frequency shifting it by 35 MHz by using an acousto-optic modulator (AOM). This was combined with the original frequency comb used for optical injection such that each slave laser would generate a 35 MHz beat signal with the original comb mode that it was locked to. The beat signals were separated from one another using an AWG and converted into electrical signals using PDs, as shown in Fig. 3 .
The electrical beat signal from each laser was isolated using 50 MHz low-pass filters (LPFs) and was amplified using lownoise radio frequency (RF) amplifiers. One of these beat signals was used as a reference to measure the relative phase of the other beat signals using RF mixers and LPFs (3 kHz).
The measured relative phase of the RF beat signals did not directly correspond with the relative optical phases between the slave lasers due to unmatched optical and RF path lengths. However, it allowed the relative optical phases to be stabilized by keeping the relative RF phase at a fixed value using a feedback loop. This corresponded to keeping the relative optical phase at a fixed, albeit unknown, value. The low bandwidth requirements for this feedback system allowed a personal computer (running LabView) to be used as the feedback controller with an approximate bandwidth of 10 Hz. The feedback acted on optical PSs, which were either piezoelectric (PZT) based or simple resistive heater based fiber stretchers.
The relative optical phases of the slave lasers were controlled by using RF phase shifters (RF-PSs) prior to mixing the RF beat signals. This was because a relative phase shift between the RF signals corresponded directly to a relative optical phase shift of the same amount.
It should be noted that dynamic arbitrary waveform generation via spectral slicing is conceivable by altering the slave laser ensemble in Fig. 1-in particular, by replacing the VOA and PS at the output of each slave laser with I/Q modulators, reducing the frequency spacing between the lasers to match the modulators' bandwidth, and modifying the phase stabilization technique described here (as it currently relies on measuring the relative phase between the CW slave laser and the comb mode it is locked to).
C. Waveform Measurement
The portion of the slave laser output not used for the phase stabilization was used to measure the generated waveforms as shown in Fig. 4 . It was sent to a programmable optical filter (Finisar Waveshaper) to allow for the measurement of the relative phases of the slave lasers. The programmable filter on its own was capable of performing pulse shaping via spatial dispersion and filtering; however, it was only used here as a Fig. 2 . Illustration of a sinc-shaped spectrum envelope (blue) realized with five discrete nonzero components (red). Fig. 3 . Schematic of the phase stabilization setup. The 'slave laser ensemble' contains the setup shown in Fig. 1 . EDFA, erbium-doped fiber amplifier; AOM, acousto-optic modulator; PD, photodetector; LPF, low-pass filter; RF-PS, radio frequency phase shifter.
wavelength selective switch for calibration purposes. This will be discussed further in Section 4.
The high-repetition-rate waveforms targeted in this article required an optical sampling oscilloscope (OSO) to accurately measure their temporal power profiles. The OSO was triggered using an RF clock at 10 GHz, which was extracted from the optical frequency comb by measuring the 40th harmonic of the repetition rate. This was detected using a high-bandwidth PD, and the 10 GHz signal was isolated and amplified to the required power by using a narrow-band RF amplifier (10.0 0.1 GHz). The OSO was specified to have a bandwidth of 500 GHz and an internal timing jitter of 100 fs. To overcome the limited sensitivity of the OSO, the output of the programmable filter was amplified using an EDFA. The optical spectrum was measured by tapping off a portion of the optical signal prior to the OSO and using an optical spectrum analyzer (OSA).
SYNTHESIZED WAVEFORMS A. Calibration
Although the relative phases of the slave lasers were stabilized using the feedback described in the previous section, their actual values were unknown and needed to be measured and calibrated. Figure 5(a) shows the optical power profile of the waveform generated by the five slave lasers, with stabilized but random phases, measured on the OSO (9600 samples). The waveform repeats itself every 10 ps, which corresponded to a repetition rate of 100 GHz. The slave lasers were set to have equal powers as shown in the optical spectrum in Fig. 5(b) . The spectrum shows that lasers #1 and #2 have small spectral peaks approximately 0.25 nm from the lasing wavelength. The origin of these were unclear but were inherent to the lasers since they were present even with no optical injection.
The relative phases were measured by using the programmable filter as a wavelength selective switch to isolate pairs of slave lasers by suppressing the others. An isolated pair of lasers generated a sinusoidal beat signal on the OSO. The phase of this beat signal corresponded to the relative phase between the two lasers. Laser #2 was used as the reference laser, with the relative phases of the other lasers measured with respect to it.
The use of the programmable filter to generate these beat signals could be avoided by isolating pairs of slave lasers using the attenuators within the slave laser ensemble. However, the attenuators used in our setup were manually controlled, making the programmable filter far more convenient. Indeed, this could be overcome by using electrically controlled attenuators.
The measurements of the relative phases are shown in Fig. 5(c) . Laser #5 was found to be noisier compared to the other slave lasers, as can be seen from the beat signal it generated with laser #2. This was due to its laser driver that was different from those used to drive the other lasers. The error associated with these measurements (given in Fig. 5 ) was calculated from the timing jitter in the measured beat signals due Fig. 4 . Schematic of the full setup used for generating and measuring Fourier synthesized waveforms. The 'phase stabilization feedback' includes the components within the dotted box in Fig. 3 . OSO, optical sampling oscilloscope; OSA, optical spectrum analyzer. Research Article to the OSO jitter, noise from the slave lasers, and noise from the injection locking process. The noise from the injection locking process is expected to be reduced by using a wider spaced frequency comb since the residual comb modes would introduce less noise [25] . The measured values for the relative phases and powers of the slave lasers were used to calculate an expected waveform. This was plotted against the measured waveform in Fig. 5(a) (red line) , and there is good agreement between them, confirming that the measured relative phases are accurate.
To demonstrate the calibration, the relative phases were all tuned to be zero using the RF-PSs. Figure 6 shows the pulses that were formed when the slave lasers were all in phase with one another. There is good agreement between the measured and expected shape of the waveform.
B. Sinc-Spectrum Rectangular Pulses
A rectangular pulse train with a repetition rate of 100 GHz and a duty cycle of 50% was targeted using the sinc-shaped spectrum illustrated in Fig. 2 . The targeted relative powers of the slave lasers were the square of the electric field amplitudes, and the relative phases of the positive amplitude components were set to zero, while the negative components were set to π. Rectangular pulses are ideal as a gating signal for all-optical switching using the nonlinear Kerr effect. The constant power across the pulse can help reduce distortions (e.g., pulse breakup) of switched pulses [30] and has been demonstrated to improve timing jitter tolerance in optical time division multiplexing systems [31] .
The measured waveform is shown in Fig. 7(a) , and the measured and targeted relative powers and phases of the slave lasers are given in Table 2 . Figure 7 (a) shows good agreement between the measured and targeted waveforms despite the slight mismatch between the measured and targeted relative phases. With only five nonzero components, significant deviation from ideal flat-top rectangular pulses is predicted, as can be seen in the targeted waveform.
The measured waveform does not decrease all the way to zero between pulses. This was due to the OSO having a small measurement offset, which was likely due to internal noise and the limited bandwidth. This offset may also have been partly due to the polarizations of the slave lasers not being perfectly aligned.
The stability of the waveform was characterized by continuously measuring the waveform on the OSO for 2 min. This data is shown in Fig. 7(b) as a heat map, which shows the frequency of the measured samples, with black representing zero frequency and white representing the maximum frequency of the samples. The heat map was well defined, which shows that the waveform was stable over the measurement time. The shape of the waveform remained stable for over an hour, which was significantly longer than the heat map measurement time.
C. Apodization-Flat Top
The limited number of frequency components available resulted in a large ripple across the top of the sinc-spectrum rectangular pulses. Apodization of the sinc-shaped spectrum was employed to smooth this ripple at the cost of reducing the sharpness at the edges of the pulses. This was done by attenuating the 100 and 300 GHz components of the sinc-spectrum by approximately 1 and 7 dB, respectively. 
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The targeted and measured powers and phases are given in Table 3 .
The measured waveform is shown in Fig. 8(a) . Again, there is good agreement between the measured and expected waveform. The apodization had the desired effect of significantly smoothing the top of the pulses. The pulses exhibited the same level of stability as the pulses generated using the sinc-shaped spectrum as shown in the heat map in Fig. 8(b) .
D. Dark-Parabolic Pulses
Waveforms with a sinc 2 spectrum were also targeted. These waveforms have a linearly increasing and decreasing (triangular) electric field shape, which corresponds to pulses with a parabolic power profile in between them. These are commonly referred to as dark-parabolic pulses, in contrast to similaritons, which are also known as bright-parabolic pulses. Similar to bright-parabolic pulses, dark versions can be utilized in cross-phase modulation (XPM) experiments to impart a linear chirp onto a signal. This feature has previously been used to perform optical Fourier transforms and to eliminate linear distortions in signals [32] .
The targeted and measured relative powers and phases are given in Table 4 . As compared to the sinc-spectrum waveforms, the targeted relative powers were squared, and the relative phases became equal. The measured waveform and 2 min heat map are shown in Fig. 9 . Similar to the previous waveforms, these show good agreement between the measured and targeted waveforms, and a high level of stability.
DEMONSTRATION OF PHASE CONTROL: DISPERSION COMPENSATION
Dispersion compensation was performed to demonstrate a similar functionality of the synthesized waveforms as compared to a programmable phase filter. Apodized sinc-spectrum waveforms were generated, as demonstrated earlier (Fig. 8) and shown in Fig. 10(a) , and propagated through 2 km of standard single-mode fiber (SMF-28). The chromatic dispersion of 2 km of fiber was sufficient to significantly distort the waveform, as shown in Fig. 10(b) .
The waveforms were reformed to the desired shape at the output of the length of fiber by introducing the opposite dispersion into the input waveform, thus precompensating for the fiber dispersion. This was accomplished by adjusting the relative phases between the lasers using the RF-PSs. Figures 10(c) and 10(d) show the dispersion precompensated waveforms at the input and output of the 2 km fiber, respectively. As expected, the dispersion precompensated output [ Fig. 10(d) ] is a good reproduction of the original input [ Fig. 10(a) ]. The waveforms in Figs. 10(b) and 10(c) also resemble one another due to the symmetry of the system.
CONCLUSION
We have shown how to address various challenges to realize Fourier synthesis of high-repetition-rate waveforms. In contrast to existing pulse shaping techniques, Fourier synthesis allows for easily tunable repetition rates. High-power and highly stable waveforms can also be generated with high SNR by using a larger number of lasers and operating at higher powers. The approach is not limited to any wavelength, as no amplifiers are needed.
In our demonstration we used five semiconductor lasers, which were phase locked to a common optical frequency comb. Active stabilization of the relative optical path lengths between the lasers was utilized to overcome thermal fluctuations and drift and allow for the control of the relative phases between the lasers as they were combined. Independent control of the relative phase and powers of the lasers allowed pulse trains with various optical power (e.g., rectangular and dark parabolic) and phase profiles to be generated with high stability. As an example, we demonstrated control of the phase profile to precompensate for the chromatic dispersion acquired by generated pulses propagating though 2 km of standard optical fiber.
The complexity of the waveforms demonstrated was limited by the number of lasers used for the Fourier synthesis. However, our experiments demonstrate the feasibility and stability of the approach. The technique would become particularly interesting if the many lasers required could be integrated on to the same photonic chip. We believe this photonic integration could potentially lead to a compact, portable, stable, and practical optical waveform synthesizer suitable for a diverse range of scientific and engineering applications.
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